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A new formula for the product of the zeros of a Bessel function of the ﬁrst kind
of positive order, or the zeros of its nth derivative, where the value of n does not
exceed the order of the Bessel function, is presented, together with an outline of
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1. INTRODUCTION
Bessel functions frequently occur in the solution to many problems of
mathematics, particularly those requiring the solution to the wave equa-
tion in cylindrical geometries. Much analytical work has been carried out
to investigate their properties, and these have been extensively documented
in several reference books [1–4]. While these works contain much informa-
tion about the integrals or series of Bessel functions themselves the amount
of material relating to the zeros of the Bessel functions and their properties
is much more limited. Recent work, for example, [5–15], demonstrates the
continuing interest in locating the zeros of Bessel functions, their deriva-
tives, and of related functions such as αJνx+xJ′νx. Lin and Agrawal [16]
also proposed a new identity for an inﬁnite sum involving the zeros of
Bessel functions which generalizes a result by Rayleigh detailed in [1].
Here a new identity involving the inﬁnite product of the zeros of Bessel
functions or their derivatives is proposed. This identity was discovered as a
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consequence of work investigating the axisymmetric acoustic scattering by
a closed semi-inﬁnite elastic cylindrical shell [17] using the Wiener–Hopf
technique [18]. This required the factorization of a complicated Wiener–
Hopf kernel involving both Bessel and Hankel functions, which was per-
formed analytically to obtain the asymptotic limit for large argument. As
a check on the considerable amount of algebraic manipulation required it
was noted that the leading order term should be the same as the leading
order term obtained from factorizing the leading order terms of the asymp-
totic limit of the kernel for large argument. This was found to be true only
if the identity presented here for the Bessel function of order 0 is satis-
ﬁed. The result was subsequently generalized to positive orders and their
derivatives.
2. THE IDENTITY
Theorem 2.1. If znνm is the mth positive zero of the nth derivative of the
Bessel function of order ν of the ﬁrst kind; i.e., Jnν znνm = 0, ν ≥ n ≥ 0, then
∞∏
m=1
(
z
n
νm
mπ
)
e1/2−ν+n/2m = e
γ1/2−ν+n/2√
πn2/πνν + 1− n√2

where γ is Euler’s constant, γ = 05772156649   .
Proof. The large argument asymptotic form of the Bessel function for ν
ﬁxed and 
z
 → ∞ is given in [3, 9.2.1], from which it may be deduced
that the leading order asymptotic form of its nth derivative with respect to
argument, as 
z
 → ∞, is
Jnν z ∼
√
2
πz
cos
(
z − νπ
2
− π
4
+ nπ
2
)
 
arg z
 < π (1)
By constructing the sequence zN , where
zN = Nπ + 2ν − 2n+ 3π/8 (2)
for which
cos
(
zN −
νπ
2
− π
4
+ nπ
2
)
= sin zN (3)
it can be seen from Eqs. (1) and (3) that
lim
N→∞
{
sin zN√
NJnν zN
}
= π√
2
 (4)
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A second expression for this limit may be derived by making use of the
inﬁnite product theorem as stated in [18, p. 40] for an even function and
applying it to the two even functions sinz/z and Jnν z/z/2ν−n:
sin z
z
=
∞∏
m=1
(
1− z
2
m2π2
)
 (5)
Jnν z =
(
z
2
)ν−n
2nν + 1− n
∞∏
m=1
(
1− z
2(
z
n
νm
)2
)
 (6)
Hence, combining these and evaluating at zN ,
sinzN
Jnν zN
= 2
νν+1−n
zν−n−1N
∞∏
m=1
(
z
n
νm
mπ
)2(
1−z2N/m2π2(
z
n
νm
)2
/m2π2−z2N/m2π2
)
 (7)
To proceed further with this equation it is necessary to consider the location
of the large zeros of Jnν . From Eq. (1) it is clear that these must take the
asymptotic form
z
n
νm ∼
(
Im ν n + ν
2
− 1
4
− n
2
)
π
− Xν n(
Im ν n + ν2 − 14 − n2
)
π
 m ν (8)
in which Im ν n is an integer function of m, ν, and n, and Xν n is a
function of ν and n. When n = 0 or n = 1 the asymptotic form of the large
zeros is given in [3, 9.5.12, 9.5.13]:
zνm ∼
(
m+ ν
2
− 1
4
)
π − 4ν
2 − 1
8
(
m+ ν2 − 14
)
π
 m ν (9)
z
1
νm ∼
(
m+ ν
2
− 1
4
− 1
2
)
π − 4ν
2 + 3
8
(
m+ ν2 − 14 − 12
)
π
 m ν (10)
By considering the way in which the zeros of the nth derivative must inter-
lace with the zeros of the n − 1st derivative of the Bessel function, an
induction type argument can be applied to show that Im ν n = m, and
the generalization of Eqs. (9) and (10) is
z
n
νm ∼
(
m+ ν
2
− n
2
− 1
4
)
π − Xν n(
m+ ν2 − n2 − 14
)
π
 m ν (11)
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Thus, for suitably large m the binomial expansion may be used to show that
1−z2N/m2π2(
z
n
νm
mπ
)2
− z2N
m2π2
=
(
1− z
2
N
m2π2
)
×
(
1+
(
ν−n− 12
)
m
+
[(
ν
2− n2− 14
)2− 2X
π2
− z2N
π2
]
m2
+O
(
1
m3
))−1
=1−
(
ν−n− 12
)
m
+
[
3
(
ν−n− 12
)2+ 8X
π2
]
4m2
+O
(
1
m3
)
 (12)
When the O1/m term is non-zero the inﬁnite product of these terms
alone does not converge. However, since

 1− z2N/m2π2( znνm
mπ
)2 − z2N
m2π2

 eν−n−1/2/m
=
(
1−
(
ν − n− 12
)
m
+
[
3ν − n− 12
)2 + 8X
π2
]
4m2
+O
(
1
m3
))
×
(
1+
(
ν − n− 12
)
m
+
(
ν − n− 12
)2
2m2
+O
(
1
m3
))
= 1+
[(
ν − n− 12
)2 + 2X
π2
]
m2
+O
(
1
m3
)
 (13)
The inﬁnite product of these terms is convergent and hence
sin zN
Jnν zN
= 2
νν + 1− n
zν−n−1N
∞∏
m=1
(
z
n
νm
mπ
)2
e1/2−ν+n/m
×
∞∏
m=1
(
1− z2N/m2π2(
z
n
νm
)2
/m2π2 − z2N/m2π2
)
eν−n−1/2/m (14)
where both inﬁnite products are convergent. To evaluate the limit of the
second inﬁnite product as zN →∞ it may be noted that for any value of ν
and n it is always possible to choose a ﬁnite value ofM , independent of zN ,
which is sufﬁciently large that znνm can be made as close to mπ + ν − n−
1
2 π/2 as required, for all m > M . Hence, writing A = ν − n − 12 /2 to
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simplify the notation, the inﬁnite product may be manipulated,
∞∏
m=1
(
1− z2N/m2π2( znνm
mπ
)2 − z2N
m2π2
)
e2A/m
∼
M∏
m=1
(
m2π21+A/m2 − z2N(
z
n
νm
)2 − z2N
)
×
∏∞
m=1
(
1− zN/π
m
)
ezN/mπ
∏∞
m=1
(
1+ zN/π
m
)
e−zN/mπ∏∞
m=1
(
1+ A−
zN
π 
m
)
e−A−
zN
π /m∏∞
m=1
(
1+ A+
zN
π 
m
)
e−A+
zN
π /m
(15)
= −A+ 1−
zN
π
A+ 1+ zN
π
e2γA
 zN
π
− zN
π
 zN
π
2
×
M∏
m=1
(
m2π21+A/m2 − z2N(
z
n
νm
)2 − z2N
)
(16)
= − sinzN
sinzN − π −Aπ
 zN
π
+ A+ 1
 zN
π
− A+ 1
e2γA
zN
π
( zN
π
− 1−A)
×
M∏
m=1
(
m2π21+A/m2 − z2N(
z
n
νm
)2 − z2N
)
(17)
= 
( zN
π
+ A+ 1)

( zN
π
− A+ 1) e
2γA
zN
π
( zN
π
− 1−A)
×
M∏
m=1
(
m2π21+A/m2 − z2N(
z
n
νm
)2 − z2N
)
(18)
∼ N2Ae2γA as N →∞ (19)
in which the formulae for  functions given by [3, 6.1.3, 6.1.17, and 6.1.46]
have been used to obtain Eqs. (16), (17), and (19), respectively. Thus,
lim
N→∞
{
sin zN√
NJnν zN
}
= 2
νν + 1− neγν−n−1/2
πν−n−1
×
∞∏
m=1
(
z
n
νm
mπ
)2
e1/2−ν+n/m (20)
Hence, equating the two expressions given by Eqs. (4) and (20)
∞∏
m=1
(
z
n
νm
mπ
)2
e1/2−ν+n/m = e
γ1/2−ν+n
πn2/πνν + 1− n√2  (21)
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from which Theorem (2.1) is obtained by taking the square root of both
sides.
Corollary 2.1.
∞∏
m=1
(
mπ
z
n
νm
)
eν−n−1/2/m = eγν−n−1/2/2
√
πn2/πνν + 1− n
√
2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